CP- and T- Violation in the Decay 
Kl 7r^7r~e^e~ and Related Processes* 
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Abstract 

I review the theoretical basis of the prediction that the decay 
Kl — > 7r+7r~e+e~ should show a large CP- and T-violation, a pre- 
diction now confirmed by the KTeV experiment. The genesis of the 
effect lies in a large violation of CP- and T-invariance in the de- 
cay Kl — > 7r+7r~7, which is encrypted in the polarization state of 
the photon. The decay Kl — > 7r"''7r~e^e~ serves as an analyser of 
the photon polarization. The asymmetry in the distribution of the 
angle (j) between the 7r"'"7r~ and e^e~ planes is a direct measure of 
the CP-odd, T-odd component of the photon's Stokes vector. A 
complete study of the angular distribution can reveal further CP- 
violating features, which probe the non-radiative (charge-radius and 
short-distance) components of the Kl TT~^TT~e^e~ amplitude. 

Eight years ago, there appeared a report [||] by the E-731 experiment 
concerning the branching ratio and photon energy spectrum of the decays 
Kl^s ~^ 7r"'"7r~7. It was found that while the Ks decay could be well- 
reproduced by inner bremsstrahlung from an underlying process Ks — > 
7r+7r~, the Kl decay contained a mixture of a bremsstrahlung component 
{IB) and a direct emission component (DE), the relative strength being 
DE/{DE + IB) = 0.68 for photons above 20MeV. The simplest matrix 
element consistent with these features is 



M{Ks^7T^7T 7) = efs 
M{Kl ^ n+TT'-f) = efL 
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where 



i(5o(s=MK^) 
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fl = \fs\9Br, 9Br = V+~(i 

fDE = \fs\gMi, 9M1 = 2(0.76)e*^^(^). (2) 

Here the direct emission has been represented by a CP-conserving mag- 
netic dipole couphng qmi, whose magnitude \gMi\ = 0.76 is fixed by the 
empirical ratio DE/IB. The phase factors appearing in gsr and qmi are 
dictated by the Low theorem for bremsstrahlung, and the Watson theorem 
for final state interactions. The factor i in qmi is a consequence of CPT 
invariance 0. The matrix element for Kl — * 7r+7r^7 contains simultane- 
ously electric multipoles associated with bremsstrahlung {El, E3, E5 ...), 
which have CP = +1, and a magnetic Ml multipole with CP = —1. It 
follows that interference of the electric and magnetic emissions should give 
rise to CP-violation. 

To understand the nature of this interference, we write the Kl tt~^tt~'j 
amplitude more generally as 

Ai{KL ^ n^Ti^^) = ^ {E{uj,cos6) [e ■ k ■ p_ — e ■ k ■ p^] 

Mk 

+ M(cu, cos e)t^,p,t^'k''p+Pp^''} (3) 

where uj is the photon energy in the Kl rest frame, and 9 is the angle 
between tt^ and 7 in the vr+vr" rest frame. In the model represented by 
Eqs. (p and (0), the electric and magnetic amplitudes are 



\ UJ J 1-/32C0S2^ 
M = QMl (4) 

where /? = (1 — 4m^^/s)"^/^, ^/s being the tt+tt^ invariant mass. The Dalitz 
plot density, summed over photon polarizations is 

- ' ^ ^'f3'(l-^]sin^eW + \Mfl (5) 



dudcosd 5127r3 \MkJ \ Mk/ 

Clearly, there is no interference between the electric and magnetic multi- 
poles if the photon polarization is unobserved. Therefore, any CP-violation 
involving the interference of qbt and qmi is hidden in the polarization state 
of the photon. 

The photon polarization can be defined in terms of the density matrix 
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where r = (ti, T2, t^) denotes the Pauh matrices, and S is the Stokes vector 
of the photon with components 

51 = 2Re{E*M) / {\E\^ + \M\^) 

52 = 2/m(E*M)/(|E|2 + |Mp) (7) 
^3 = (|^|2-|M|2)/(|Ep + |M|2). 

The component S3 measures the relative strength of the electric and mag- 
netic radiation at a given point in the Dalitz plot. The effects of CP- 
violation reside in the components 5*1 and S2, which are proportional to 
Re{gBr*gMi) and Im {gBr*gMi), respectively. Of these Si is CP-odd, T- 
odd, while 5*2 is CP-odd, T-even. Physically, S2 is the net circular po- 
larization of the photon: such a polarization is known to be possible in 
decays like — > 7r+7r~7 or Kl s ~^ 77 whenever there is CP-violation 
accompanied by unitarity phases 0. To understand the significance of Si, 
we examine the dependence of the Kl —>■ 7r+7r~7 decay on the angle 
between the polarization vector e and the unit vector tItt normal to the 
7r+7r~ plane (we choose coordinates such that k = (0, 0, k), Ut, = (1, 0, 0), 
p+ = (0, psin6', pcos9) and e = (cos0, sin0, 0)): 

- — — — ~ IE" sin 0-Mcos0|^ ~ 1 - [^3cos20+ ^1 sin 24)] (8) 

duj acos 9 dcp 

Thus the CP-odd, T-odd Stokes parameter Si appears as a coefficient of 
the term sin 20. The essential idea of Refs. Q is to use in place of 
e*, the vector n/ normal to the plane of the Dalitz pair in the reaction 
Kl 7r+7r^7* 7r+7r^e+e^. This motivates the study of the distribution 
dr/d4> in the decay Kl 7r+7r^e^e~, where is the angle between the 
7r"'"7r~ and e~^e~ planes. 

To obtain a quantitative idea of the magnitude of CP- violation in 
Kl 7r+7r~7, we show in Fig. |^ the three components of the Stokes 
vector as a function of the photon energy ||^. These are calculated from 
the amplitudes (||) using weighted averages of \E\'^, E*M and EM* 

over cos^. The values of Si and 5*2 are remarkably large, considering that 
the only source of CP-violation is the e-impurity in the Kl wave-function 

(e = 1]^ ). Clearly the l/u;^ factor in E enhances it to a level that makes 

it comparable to the CP-conserving amplitude M. This is evident from 
the behaviour of the parameter S3, which swings from a dominant electric 
behaviour at low E^ {S3 ~ 1) to a dominant magnetic behaviour at large 
E^ {S3 ~ —1), with a zero in the region E^ ^ GOMeV. To highlight the 
difference between the T-odd parameter Si and the T-even parameter 5*2, 
we show in Fig. |l|b the behaviour of the Stokes parameters in the "hermitian 
limit": this is the limit in which the T-matrix or effective Hamiltonian 
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governing the decay — > 7r+7r^7 is taken to be hermitian, all unitarity 
phases related to real intermediate states being dropped. This limit is 
realized by taking 5i — >■ 0, and arge ^ 7r/2. The last of these follows 
from the fact that e may be written as 

-V21+1 (Mi2 - M21) 

Is-lL- 2z {rriL - ms) 



where H^ff = M — iT is the mass matrix of the K^-K system. The 
hermitian limit obtains when = r2i = 75 = 7l = 0. As seen from 
Fig. |l|b, 5*2 vanishes in this hmit, but Si survives, as befits a CP-odd, 
T-odd parameter. Fig. |I]c shows what happens in the CP-invariant limit 
e — >■ 0. It is clear that we are dealing here with a dramatic situation in 
which a CP- impurity of a few parts in a thousand in the wave-function 
gives rise to a huge CP-odd, T-odd effect in the photon polarization. 

We can now examine how these large CP- violating effects are trans- 
ported to the decay Kl —>■ 7r+7r~e^e~. The matrix element for Ki — > 
'7i~^7i~e~^e~ can be written as @, || 

M{Kl TT+TT-e+e-) = Mbr + Mmag + McR + MsD- (10) 

Here A^b,. and M.mag are the conversion amplitudes associated with the 
bremsstrahlung and Ml parts of the Kj^ 7r+7r^7 amplitude. In addition, 
we have introduced an amplitude M.cr denoting vt+tt^ production in a 
J = state (not possible in a real radiative decay), as well as an amplitude 
M-sD associated with the short- distance interaction s — >■ de^e~ . The last 
of these turns out to be numerically negligible because of the smallness 
of the CKM factor VtsVtd ■ The s-wave amplitude M.cri if approximated 
by the K'^ charge radius diagram, makes a small (~ 1%) contribution to 
the decay rate. Thus the dominant features of the decay are due to the 
conversion amplitude J^hr + -Mmag- 

Within such a model, one can calculate the differential decay rate in 
the form 

dr = I{st^, Si, cosOi, cosOtt, (p) ds-j^dsidcosOidcosOT^ dcj). (11) 

Here s^^ (si) is the invariant mass of the pion (lepton) pair, and 6.,^ {6i) is the 
angle of the 7r+ (/+) in the tt+tt^ (^^^ ) rest frame, relative to the dilepton 
(dipion) momentum vector in that frame. The all-important variable is 
defined in terms of unit vectors constructed from the pion momenta p± and 
lepton momenta k± in the rest frame: 



= {p+ X P-) I |p+ X p_| , ni = {k+ X / 



A^4- X k_ 
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sin = n^^ X fii ■ z {CP = — , T = — ), 
COS0 = fii ■ fin {CP = +,T = +). 



(12) 



In Ref . , an analytic expression was derived for the 3-dimensional distri- 
bution dV / dsids^dcj), which has been used in the Monte Carlo simulation 
of this decay. In Ref. [Q, a formalism was presented for obtaining the fully 
differential decay function /(s^, cos9i, cos6'^,0). 

The principal results of the theoretical model discussed in 0, are as 
follows: 

1. Branching ratio: This was calculated to be Q 

BR{Kl 7r+7r"e+e") = (1.3 x 10'^)b,. + (1.8 x 10"^)mi 

+ (0.04 X 10-^)cR ^ 3.1 X 10"^ (13) 

which agrees well with the result (3.32 ± 0.14 ± 0.28) x 10^^ measured in 
the KTeV experiment 0. (A preliminary branching ratio 2.9 x 10~^ has 
been reported by NA48 0). 

2. Asymmetry in (p distribution: The model predicts a distribution of 
the form 

— ~ 1 - (S3 cos 20 + Si sin 20) (14) 

(30 

where the last term is CP- and T- violating, and produces an asymmetry 




The predicted value H is 

1^1 = 15% sin(0+„ + 6o{Mk^) - 61) ^ 14% (16) 

to be compared with the KTeV result 

|^kTey= (13.6 ±2.5 ±1.2)% (17) 

The "Stokes parameters" S3 and Si are calculated to be S3 = —0.133, Si = 
0.23. The 0-distribution measured by KTeV agrees with this expectation 
(after acceptance corrections made in accordance with the model). It should 
be noted that the sign of Si (and of the asymmetry A) depends on whether 
the numerical coefficient in qmi is taken to be ±0.76 or —0.76. The data 
happen to support the positive sign chosen in Eq. (0). 

3. Variation of Stokes parameters with s^'- As shown in Fig. |I|d, the 
parameters Si and S3 have a variation with that is in close corre- 
spondence with the variation of Si and 5*3 shown in Fig. |l|. (Recall that 
the photon energy in Kl 7r+7r^7 can be expressed in terms of s^'- 



5 



= Mk^ — 2MkE^.) In particular the zero of S3 and the zero of 5*3 occur 
at almost the same value of St^. This variation with s^r combined with the 
low detector acceptance at large Stt, has the consequence of enhancing the 
measured asymmetry (23.3 ± 2.3% in KTeV 0, 20 ± 5% in NA48 g). 

4. Generalized Angular Distribution: As shown in Ref. a more 
complete study of the angular distribution of the decay 7r+7r~e+e~ 
can yield further CP- violating observables, some of which are sensitive to 
the non-radiative (charge-radius and short-distance) parts of the matrix 
element. In particular the two-dimensional distribution dV / dcosOidip has 
the form 

Ki + K2 cos 26i + siv? 61 cos 2</) + K^^ sin 26i cos (j) 

+ sin Oi cos (p + cos 61 + sin 61 sin 
+ Kg sin 261 sin (j) + Kg sin^ 61 sin 20. (18) 

Considering the behaviour of cos 61, sin 61, cos0 and sin0 under CP and T, 
the various terms appearing in Eq. (^8|) have the following transformation: 





CP T 


K,, K2, Ks, K, 
K^, K, 
Ks 

K7,Kg 


+ + 
- + 

+ - 



Note that -ft'4,6,8 have {CP){T) = — , a signal that they vanish in the her- 
mitian limit. If only the bremsstrahlung and magnetic dipole terms are re- 
tained in the K^ 7r+7r~e^e~ amplitude, one finds K4 = = Kq = K-j = 
Ks = 0, the only non-zero coefficients being Ki = 1 (norm), K2 = 0.297, 
K3 = 0.180, Kg = —0.309. In this notation, the asymmetry in dV/dcj) is 

A = - 1 !, = —14%. The introduction of a charge-radius term induces a 

new CP-odd, T-even term K4 ^ —1.3%, while a short-distance interaction 
containing an axial vector electron current can induce the CP-odd, T-odd 
term K^. The standard model prediction for K^, however, is extremely 
small. 

We conclude with a list of questions that could be addressed by future 
research. In connection with Kl^s ~^ ir^iT^'y: (i) Is there a departure 
from bremsstrahlung in Ks — > 7r+7r~7 (evidence for direct El)7 (ii) Is 
there a tt^/tt" asymmetry in Kl 7r~^n~'y (evidence for E2)7 (iii) Is 
there a measurable difference between ?7+-7 and (existence of direct 
CP- violating El in Kl — > tt^tt~j)7 With respect to the decay Kl — > 
7r+7r^e"''e~: (i) Is there evidence of an s-wave amplitude? (ii) Is there 
evidence for or Kj types of CP- violation? On the theoretical front: (i) 



dT 
dcos 9id(f) 
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Can one calculate the s-wave amplitude, and the form factors in 
7r+7r^7* p? (ii) Can one understand the sign of Qmi^ (hi) Can one explain 
why direct El in Ks —>■ 7r+7r~7 is so small compared to direct Ml in 
Kl^tt+tt-^ i\9Ei/9Mi\<5%)7 
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Figure 1: (a) Stokes parameters of photon in — > 7r''"7r~7; (b) Hermitian 
limit 5q = 5i = 0, arge = 7r/2; (c) CP-invariant limit e — > 0; (d) "Stokes 
parameters" for Kl —>■ 7r"'"7r~e"'"e~. 
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